Abstract. We determine which faithful irreducible representations V of a simple linear algebraic group G are generically free for Lie(G), i.e., which V have an open subset consisting of vectors whose stabilizer in Lie(G) is zero. This relies on bounds on dim V obtained in prior work (part I), which reduce the problem to a finite number of possibilities for G and highest weights for V , but still infinitely many characteristics. The remaining cases are handled individually, some by computer calculation. These results were previously known for fields of characteristic zero; we provide a shorter proof that gives the result with very mild hypotheses on the characteristic. (The few characteristics not treated here are settled in part III.) Combining these results with those of Guralnick-Lawther-Liebeck shows that for any irreducible module for a simple algebraic group, there is a generic stabilizer (as a group scheme) and gives a classification of the generic stabilizers in all cases. These results are also related to questions about invariants.
Let G be a simple linear algebraic group over a field k acting faithfully on a vector space V . In the special case k = C, there is a striking dichotomy between the properties of irreducible representations V whose dimension is small (say, ≤ dim G) versus those whose dimension is large, see for example [AVE68] , [Èla72] , [Pop88] , and [PV94, §8.7] . For example, if dim V < dim G, then (trivially) the stabilizer G v of a vector v ∈ V is nontrivial. Conversely (and nontrivially) for V hardly bigger than dim G, the stabilizer G v for generic v ∈ V is trivial, i.e., 1; in this case one says that V is generically free or G acts generically freely on V . This property has taken on increased importance recently due to applications in Galois cohomology and essential dimension, see [Rei10] and [Mer13] for the theory and [BRV10] , [GG17b] , [Kar10] , [LMMR13] , [Löt13] , etc. for specific applications.
With applications in mind, it is desirable to extend the results on generically free representations to all fields. In that setting, [GLL18] has shown that, if V is irreducible and dim V is large enough, then G(k), the group of k-points of G, acts generically freely. Equivalently (when k is algebraically closed), the stabilizer G v of a generic v ∈ V is an infinitesimal group scheme. For applications, one would like to say that G v is not just infinitesimal but is the trivial group scheme, for which one needs to know that the Lie algebra g of G acts generically freely on V , i.e., g v = 0. The two conditions are related in that dim G v ≤ dim g v , so in particular if g v = 0, then G v is finite. Conversely, if G v (k) = 1, g v can be nontrivial (i.e., G v may be a nontrivial infinitesimal group scheme), see Example 3.2.
In a previous paper, [GG17a] , we proved that, roughly speaking, if dim V is large enough (where the bound is Θ((rank G)
2 )), then V is a generically free g-module.
In this paper, we restrict our focus to irreducible modules and settle the question of whether or not g acts generically freely.
Theorem A. Let G be a simple linear algebraic group over a field k such that char k is not special for G and let ρ : G → GL(V ) be a restricted irreducible representation of G. If dim V ≤ dim G or (G, ρ, k) is one of the five representations in Table 1 , then g does not act virtually freely on V . Otherwise, g acts virtually freely on V .
2 ∧ Table 1 . Irreducible and restricted representations V of simple G with dim V > dim G that are not virtually free for g. For each, the stabilizer g v of a generic v ∈ V is a toral subalgebra, and dim g v is given for the case where G is simply connected.
We say that g acts virtually freely on V if the stabilizer g v of a generic vector v ∈ V satisfies g v = ker dρ, i.e., g v is as a small as possible. This notion is the natural generalization of "generically freely" to allow for the possibility that G does not act faithfully. (For V as in Theorem A and not the trivial representation, ker dρ is a proper ideal in g, so is contained in z(g) by the hypothesis that char k is not special for G. Thus ker dρ = ker λ| z(g) for λ the highest weight of V , which depends only on the equivalence class of λ modulo the root lattice. ) We remark that the exceptions in Theorem A, listed in Table 1 , can be divided into two types. In the left column are three "θ-group" representations, which arise from embedding g in some larger Lie algebra with a finite grading, and the generic stabilizer G v is a non-étale, non-infinitesimal finite group scheme. (Premet's appendix in [GG17b] gives a detailed study of the half-spin representation of D 8 in characteristic 2. For the other two representations in the left column, see Remark 6.3, [Aul01, 4.8.2, 4.9.2], or [GLL18, 4.1].) In the right column are two representations where the generic stabilizer is a nonzero infinitesimal group scheme, see Examples 3.2 and 4.2.
Recall that every irreducible representation V of G has a highest weight λ, and we consider separately three cases. Specifically, we may write λ = λ 0 + pλ 1 where p := char k = 0 and λ 0 is restricted, i.e., when λ 0 is expressed as a sum ω c ω ω where the sum runs over the fundamental dominant weights ω, we have 0 ≤ c ω < p for all ω. Theorem A treats the case where λ is itself restricted, i.e., when λ 1 = 0. When λ 0 = 0, V is the Frobenius twist of the irreducible module of G with highest weight λ 1 , so g acts trivially on V . The next theorem treats the remaining case, where λ 0 and λ 1 are both nonzero; in that case
Theorem B. Let G be a simple linear algebraic group over a field k such that char k is not special for G. If ρ : G → GL(V ) is an irreducible representation that is tensor decomposable, then for generic v ∈ V , Lie(G) v = ker dρ.
The main results here and in [GG17a] do not address the case when char k is special for G. Results for that case will appear in [GG18] .
Notation. For convenience of exposition, we will assume in most of the rest of the paper that k is algebraically closed of characteristic p = 0. This is only for convenience, as our results for p prime immediately imply the corresponding results for characteristic zero: simply lift the representation from characteristic 0 to Z and reduce modulo a sufficiently large prime.
We say that char k is special for G if char k = p = 0 and the Dynkin diagram of G has a p-valent bond, i.e., if char k = 2 and G has type B n or C n for n ≥ 2 or type F 4 , or if char k = 3 and G has type G 2 . (Equivalently, these are the cases where G has a very special isogeny.) This definition is as in [Ste63, §10] ; in an alternative history, these primes might have been called "extremely bad" because they are a subset of the very bad primes -the lone difference is that for G of type G 2 , the prime 2 is very bad but not special.
Let G be an affine group scheme of finite type over k, which we assume is algebraically closed. If G is additionally smooth, then we say that G is an algebraic group. An algebraic group G is simple if it is not abelian, is connected, and has no connected normal subgroups = 1, G; for example SL n is simple for every n ≥ 2.
If G acts on a variety X, the stabilizer G x of an element x ∈ X(k) is a subgroup-scheme of G with points
for every k-algebra R. Statements "for generic x" means that there is a dense open subset U of X such that the property holds for all x ∈ U .
If Lie(G) = 0 then G is finite andétale. If additionally G(k) = 1, then G is the trivial group scheme Spec k.
We write g for Lie(G) and similarly spin n for Lie(Spin n ), etc. We put z(g) for the center of g; it is the Lie algebra of the (scheme-theoretic) center of G. As char k = p, the Frobenius automorphism of k induces a "p-mapping"
[p] = x, and semisimple if x is contained in the Lie p-subalgebra of g generated by x [p] . In this paper, highest weights are numbered as in Table 2 , imitating [Lüb01] to make it convenient to refer to that paper. We write c 1 c 2 c 3 · · · c ℓ as shorthand for the dominant weight c i ω i , where ω i is the fundamental dominant weight corresponding to the vertex i in Table 2 . Table 2 . Dynkin diagrams of simple root systems of classical type, with simple roots numbered as in [Lüb01] .
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Results from part I
For a representation V of simple G with V g = 0 (such as in Theorem A in this paper), we showed in part I ([GG17a, Table  3 , then g acts virtually freely on V . Furthermore, this was used to verify Theorem A except in the following cases:
(1) G has type A ℓ for 2 ≤ ℓ ≤ 19; (2) G has type B ℓ or C ℓ with 2 ≤ ℓ ≤ 11; (3) G has type D ℓ for 4 ≤ ℓ ≤ 11.
We are going to verify the inequality 
If h consists of semisimple elements and equation (1.1) holds for every
Taking h = z(g) in Lemma 1.2, we see that verifying (1.1) for noncentral nilpotent and toral x ∈ g implies that g v ⊆ z(g) for generic v ∈ V .
Theorem 12.2 in [GG17a] proved a somewhat stronger result than the one stated at the start of this section: If V is a representation of a simple group G such that V g = 0 and dim V > b(G), then (1.1) holds for all noncentral x ∈ g with x
[p] ∈ {0, x}.
Constructing representations in Magma
In order to prove Theorem A, the results of [GG17a] reduce us to considering a finite list of irreducible representations, each of which we will consider. Some of these will be dealt with by invoking calculations done on a desktop computer using Magma [BCP90] , which we now explain. (Code and output are attached to the arxiv version of this article.)
The built-in Magma instructions IrreducibleRootDatum and LieAlgebra produce the Lie algebra g of a simple algebraic group over F q for q a power of a prime p; the main cases of concern in this paper are for p ≤ 7. For a given highest weight λ, HighestWeightModule gives a homomorphism ρ from g to matrices, and one can identify the standard module with highest weight λ with the space of row vectors v where the action by g is v → vρ(x) for x ∈ g. The vector (1, 0, . . . , 0) is a highest weight vector and it generates a submodule V that is irreducible with highest weight λ.
For any row vector v, it is then a matter of linear algebra to compute the stabilizer g v , i.e., the subspace of x ∈ g such that vρ(x) = 0. It is determined by Kernel(VerticalJoin([vρ(y):y in Basis(g)])).
To verify that a particular V is virtually free, we use Random(V) to generate random vectors v ∈ V . For each, we compute dim g v . By upper semicontinuity of dimension, dim g v is at least as big as dim g w for w generic in V . Therefore, if we find any v ∈ V with dim g v = dim ker dρ, we have verified that the representation is virtually free.
Remark. Suppose q : G → G is a central isogeny; note that the differential dq :g → g need not be surjective, i.e., q need not beétale. Nonetheless, if g acts virtually freely on V , then so doesg. Therefore, in the computer calculations described above we construct G to be the largest central quotient of G such that ρ is defined.
(If we instead assume thatg acts virtually freely on V , it need not follow that g does. For example, this occurs when G = Sp 8 , G = PSp 8 , char k = 2, and V is the 16-dimensional irreducible "spin" representation, see [GG18, Example 6.8].) 3. Examples where g does not act virtually freely
Proof. The torus L is contained in Lie(T ) for some maximal torus T in G [Hum67, Th. 13.3]. Since z g (L) contains Lie(T ), the two are equal.
That is, the map is dominant, so an open subset of V consists of elements whose stabilizer in g is conjugate to L.
Example 3.2 (C 4 , 0100, p = 3). Consider now G = Sp 8 over a field k of characteristic 3. (See Prop. 7.4(2) for the case char k = 2, 3.) It has a unique irreducible representation V with dim V = 40 [Lüb01] , which occurs as a quotient of the Weyl module of dimension 48 contained in ∧ 3 (k 8 ) (with k 8 as the other composition factor), compare [PS83] or Proposition 7.4. Using Magma, one can construct V (say, with k = F 3 ) as in the preceding section and verify that for a random v ∈ V , in the notation of Lemma 3.1, dim L = 2 and dim V L = 8. It follows that g does not act virtually freely on V . On the other hand, G v (k) = 1 for generic v ∈ V by [GLL18] , so this is an example of a representation where the scheme-theoretic generic stabilizer G v is a nontrivial and infinitesimal group scheme.
Lemma 3.1 shows also that the other representation in the right column of Table  1 is not virtually free, see Example 4.2.
Representations defined over a localization of the integers
Recall that G is defined over an algebraically closed field k of characteristic p, and in particular is split. Let now R be a subring of Q with homomophisms to F p and to a field K containing a primitive p-th root of unity ζ (e.g., take R = Z and K = C). There exists a smooth affine group scheme G R over R such that G R × k is isomorphic to G.
Lemma 4.1. Let ρ : G R → GL(V ) be a homomorphism of group schemes over R for some free R-module V . Then the following are equivalent:
Here and below we use the shorthand X F for X R × F , where X R is an R-scheme and there is an implicit homomorphism R → F .
Proof. This is essentially §3.4 in [Aul01], which we reproduce here for the convenience of the reader. Pick a split maximal torus T R in G R and a basis τ 1 , . . . , τ ℓ of the lattice of cocharacters G m → T R . Identifying the Lie algebra of G m with k, the elements h j := dτ j (1) make up a basis of the Lie algebra t of T R × F p such that h
This gives a bijection of toral elements in t with elements of order p in
The character lattices of T K and t are naturally identified; indeed there is a basis
Decomposing V as a sum of weight spaces relative to T R , we find that for toral x ∈ t, we have
. The centralizer in g of x and the centralizer in G K of ψ(x) contain Lie(T k ) and T K , so their identity components are generated by that and the root subalgebras or subgroups corresponding to roots vanishing on x or ψ(x) respectively. As in the preceding paragraph, we find that the centralizers of x and ψ(x) have the same dimension, hence (a) x is central in g if and only if ψ(x) is central in
GK . The equivalence of (1) and (2) follows. In case char k = 5, we apply Lemma 3.1. One finds dim L = 1 and dim V L = 4, so V is not virtually free. We remark that in this case again G v (k) = 1, so G v is a nonzero infinitesimal group scheme.
In case char k = 2, we verify that V is generically free for g using Magma as in §2.
So assume char k = 2, 5. As X is self-dual, it is a direct sum of V and X/V , the natural representation of Sp 4 . In this case we argue that V is virtually free by verifying (1.1). We get it for toral elements via Lemma 4.1, where we refer to the literature (in this case [GLL18] ) for the corresponding result for Sp 4 (C).
A long root element x has a single Jordan block of size 2 on the natural module and 2 Jordan blocks of size 2 on the 5-dimensional module. Since char k = 2, x has partition (3
For any other nilpotent, the closure of x G in sp 4 contains a nilpotent with partition (2, 2), so dim V x ≤ 6; as dim x G ≤ 8, the inequality is verified.
Example 4.3 (B 3 , 101). Let G = Spin 7 and take V to be the irreducible representation of dimension 40 (if char k = 7) or 48 (if char k = 7). It occurs as a composition factor of the tensor product X of the natural and spin representations. In case char k = 2 or 7, we construct the representation in Magma as in §2 and observe that it is generically free. So suppose char k = 2, 7. Then X is self-dual so it is a direct sum of V and X/V , the spin representation. As in the preceding example, we argue that V is virtually free by verifying (1.1) and we similarly are reduced to considering nonzero nilpotent x. For x with partition (3 2 , 1) on the natural representation, dim V x ≤ 22 and dim x G = 14. If x has partition (7) or (5, 1 2 ), then dim x G ≤ 18 and dim V x ≤ 22 (by specialization). A long root element x (partition (2 2 , 1 3 )), has dim x G = 8 and dim V x = 34. The remaining possibilities for x have partition (3, 2 2 ) or (3, 1 4 ), which have dim x G = 12 or 10 and by specialization dim V x ≤ 34.
Example 4.4 (D 4 , 1001). Consider the representation V of G = Spin 8 with highest weight 1001. In case char k = 2, dim V = 48 and g acts with 1-dimensional kernel; we verify with Magma that V is virtually free for g. So suppose char k = 2, in which case dim V = 56. Writing V i with i = 1, 2, 3 for the three inequivalent irreducible 8-dimensional representations, we find X := V 1 ⊗ V 2 ∼ = V ⊕ V 3 . Lemma 4.1 verifies the inequality (1.1) for x toral.
Suppose that x is nonzero nilpotent with dim
y for a root element y. Such a y has two Jordan blocks of size 2 on the V i 's, and so y acts on X with partition (3 4 , 2 17 , 1 18 ). Thus dim X y = 39 and dim V y = dim X y − dim V y 3 = 33, and the inequality is verified for x. We now divide into cases based on the partition of x on one of the V i 's. If x only has Jordan blocks of size at most 3, then dim x G < 21 and we are done by the previous paragraph.
If x has two Jordan blocks of size 4, then dim V x < 16. If x has a Jordan block of size ≥ 5, then dim V x < 20. In either case, as dim x G ≤ 24, the inequality is verified. [2] ∈ {0, x} by [GG17a] . So assume char k = 2. For one of the half-spin representations X, the second symmetric power S 2 X is a direct sum of V and the natural 10-dimensional module. A root element x ∈ g has a 12-dimensional fixed space on X and so has 4 nontrivial Jordan blocks. On S 2 X, it has a fixed space of dimension 84 hence dim V x = 72. Therefore, for every nonzero nilpotent x ∈ g, we have dim V x ≤ 72 and of course dim x G ≤ dim G − rank G = 40, verifying the inequality. For noncentral toral x, the inequality is verified as in the preceding examples. 
′ is a submodule of ∧ 3 k 6 with quotient k 6 and Y ′′ is a submodule of ∧ 2 k 6 with quotient k. Using these decompositions, we find that a long root x ∈ sp 6 ⊂ sp 10 has dim V x = 90 and nilpotent y ∈ sp 6 ⊂ sp 10 with partition (4, 1 6 ) has dim V y = 19. In view of the fomer, it suffices to consider nilpotent z ∈ g such that dim C Sp 10 (z) ≤ 13 Such a z has a Jordan block of size at least 4 and so specializes to y. Then dim z Sp 10 + dim V z ≤ 50 + 19, verifiying the inequality.
Example: symmetric squares and wedge squares
Recall that k is assumed algebraically closed of characteristic p ≥ 0. Put gl n (k) for the Lie algebra of n-by-n matrices with entries in k. We first note that, for x ∈ gl n (k), C GL n (x) is the group of units in the associative k-algebra gl n (k)
x . Therefore, dim x GLn = dim [gl n (k), x] and we have:
Lemma 5.2. Let x ∈ gl n = gl(V ) with x a regular nilpotent element.
(1) The number of Jordan blocks of x on gl(V ) and V ⊗ V is n.
If furthermore char k = 2, then (2) the number of Jordan blocks of x on Sym 2 (V ) is n/2 for n even and (n+1)/2 for n odd; and (3) the number of Jordan blocks of x on ∧ 2 (V ) is n/2 if n is even and (n − 1)/2 if n is odd.
Proof. As x is nilpotent, V and V * are equivalent k[x]-modules, hence the number of Jordan blocks on V ⊗ V and gl(V ) is the same and is also independent of the characteristic by Lemma 5.1. If the characteristic of k is not 2, then
. if we take x in characteristic 0 (over the integers) and reduce modulo the characteristic, we see that the number of Jordan blocks on each of Sym 2 (V ) and ∧ 2 (V ) can only increase in positive characteristic and so we have equality. Thus, we may assume that k has characteristic 0.
In characteristic 0, we view V as a module under a principal SL 2 and see that
Proof. Let J 1 , . . . , J m be the Jordan blocks for x. Then J i ⊗ J j for i < j occurs in both Sym 2 (V ) and ∧ 2 (V ). The other terms are Sym 2 (J i ) on Sym 2 (V ) and ∧ 2 (J i ). Thus, the difference in the number of Jordan blocks on Sym 2 (V ) and ∧ 2 (V ) is just the sum of the differences on Sym 2 (J i ) and ∧ 2 (J i ) and the result follows by the previous lemma.
Put λ for the highest weight of the natural module of so n , i.e., λ = ω ⌊n/2⌋ . We can now show that so n acts freely on L(2λ) in characteristic not 2 by proving that our standard inequality (1.1) holds. See [GG15, Example 10.7] or [GLL18, §4.1] for another proof that the generic stabilizer is an elementary abelian 2-group (as a group scheme).
Proof. If x is semisimple, by considering weights on V , Sym 2 (V ) and ∧ 2 (V ), we see that dim Sym
which is at most dim Sym 2 (V ) − 2, because the fixed space of x has codimension at most 2. Since L(2λ) is a summand of Sym 2 (V ) as an x-module and x is trivial on a complement, the result follows.
If x is nilpotent, we argue similarly using the previous lemma. We obtain that dim
The result follows immediately if r 2 < n − 2. If r 2 = n − 2, then x has a single Jordan block of size 3 and all other blocks of 1. In particular, this implies that dim W x < dim Sym 2 (V ) x and the result follows.
Example: Vinberg representations
Let G be an algebraic group over a field k and suppose θ ∈ Aut(G)(k) has finite order m not divisible by char k. Then θ gives a Z/m-grading g = ⊕ i∈Z/m g i on the Lie algebra g of G (clear) and the sub-scheme G 0 of fixed points is smooth by [Con14, Exercise 2.4.10]. In this section we will assume furthermore that G is semisimple simply connected, in which case G 0 is connected reductive and can be described explicitly using the recipe in [Ste68, §8] . Representations (G 0 , g 1 ) arising in this way are sometimes called Vinberg representations or θ-groups.
Lemma 6.1. Let T be a maximal torus in a simple algebraic group G over a field k. Then, (1) G has type C n for some n ≥ 1 and char k = 2 or (2) for a generic t ∈ Lie(T ), the transporter {x ∈ Lie(G) | [x, t] ∈ Lie(T )} equals Lie(T ).
Proof. Write x as a sum of an element x 0 ∈ Lie(T ) and elements x α in the root subalgebra for each root α. Choose t ∈ Lie(T ) generic and suppose [x, t] ∈ Lie(T ), i.e., dα(t)x α = [x α , t] = 0 for all α. If (1) fails, then an exercise with roots as in [CR10, Lemma 2.13] shows that dα(t) = 0, proving that x α = 0, whence the claim.
Example 6.2 (m = 2). Suppose θ ∈ Aut(G)(k) has order 2 and acts on a maximal torus T via θ(t) = t −1 for t ∈ T , so Lie(T ) is contained in g 1 . As char k = 2, the centralizer of a generic element in Lie(T ) in Lie(G) is just Lie(T ) which misses g 0 , whence g 0 acts virtually freely on g 1 . More precisely, as a group scheme, the stabilizer of a generic element of Lie(T ) in G 0 is the 2-torsion subgroup of T . In this way, if we pick a subgroup H of G 0 , we conclude that h acts generically freely on g 1 . We now consider examples where this applies; in each case a generic element of g 1 is a regular semisimple element of g, see [RLYG12, §7] or [GLL18, §4.1].
(1): Take G to have type E 6 and θ to be an outer automorphism so that G 0 is the adjoint group PSp 8 of type C 4 , compare, for example, [GPT09, §5] . In that case, g 0 = sp 8 and g 1 is the Weyl module with highest weight 1000 (the "spin" representation). If char k = 3 (and = 2), then the representation g 1 is irreducible of dimension 42.
If char k = 3, g 1 has head the irreducible representation of dimension 41 and radical k = z(g). Let v be a regular semisimple element of Lie(T ) ⊂ g 1 . The stabilizer in g 0 = sp 8 of the image of v in g 1 /k transports v into z(g), and therefore belongs to Lie(T ) ∩ g 0 = 0 by Lemma 6.1. In particular, sp 8 acts generically freely on the irreducible representation g 1 /k.
(2): Take G to be E 8 and θ to be such that G 0 has type D 8 . In this case, G 0 is a half-spin group Spin 16 /µ 2 and g 1 is the 128-dimensional half-spin representation. We conclude that it acts generically freely when char k = 2. (Regardless of char k, the generic stabilizer in G 0 is (Z/2) 4 × (µ 2 ) 4 as a group scheme, see [GG17b, Th. 1.2].) (3): Take G to be E 7 and θ to be such that G 0 = SL 8 /µ 4 . In this case, g 1 is the representation ∧ 4 k 8 , which is generically free for char k = 2. (We provide a stronger result in Prop. 7.1(1).) (4): Take G to be SL n with θ(g) = g −⊤ , so G 0 = SO n and g 1 is the Weyl module with head L(2λ) as in Lemma 5.4.
The representation ∧ 3 k 9 of G 0 = SL 9 /µ 3 arises also in this way when G = E 8 and m = 3, see [VE78] for a detailed analysis of the orbits in the case char k = 0. A generic element of g 1 is regular semisimple as an element of g as in the references in Example 6.2 ([GLL18] produces an explicit regular nilpotent element), and we find that sl 9 acts generically freely on ∧ 3 k 9 . We will provide a stronger result below in Prop. 7.1(1).
Remark 6.3. The setup above can be generalized to accomodate the case where char k divides m. Instead of an element θ ∈ Aut(G)(k), one picks a homomorphism of group schemes µ m → Aut(G) defined over k. Again one obtains a Z/m-grading on g and an action of µ m on G such that G 0 is smooth. Some statements about the representation g 1 of G 0 from [Vin76] or [Lev09] do not hold in this generality.
For example, the representations from Example 6.2(2) and (3) with char k = 2 and ∧ 3 SL 9 with char k = 3, are not virtually free. This can be seen by computationally verifying that Lemma 3.1 applies; in each of these three cases the stabilizer of a generic vector is a toral subalgebra whose dimension we list in Table 1 . Alternatively, for x ∈ g 1 , x
[p] is in z g0 (x), so finding any x with x [p] not in the kernel of the representation (as is done in [Aul01, Prop. 4.8.2, 4.9.2]) suffices to show that the representation is not virtually free.
For the spin representation of Sp 8 , 2 is a special prime so is treated in [GG18] .
Example: 3rd and 4th exterior powers
We now consider the representation ∧ e (k n ) of SL n and its analogues for SO n and Sp n . Whether or not such representations are virtually free has previously been considered in [Aul01] and elsewhere. We will check here the stronger condition of whether or not inequality (1.1) holds for x ∈ sl n . Proposition 7.1. For the representation V := ∧ e (k n ) of SL n and noncentral x ∈ sl n with x
[p] ∈ {0, x}, we have:
(1) If (a) e = 3 and n ≥ 10; (b) e = 3, n = 9, and char k = 2, 3; (c) e = 4 and n ≥ 9; or (d) e = 4, n = 8, and char k = 2, then dim x SL n +dim V x < dim V and Lie(SL n /µ gcd(e,n) ) acts generically freely on V .
(2) If (a) e = 3, n = 9, and char k = 2, 3 or (b) e = 4, n = 8, and char k = 2,
Proof. If x is noncentral toral, then we may find a nilpotent y in the closure of the G m SL n orbit of x such that dim y SLn = dim x SLn and (automatically) dim
. Therefore, we may assume that
2 ≥ b(SL n ), and (1.1) holds by [GG17a] . So suppose n ≤ 16. We calculate dim x SLn , which does not depend on char k, using the well known formulas from, for example, [LS12, p. 39] . For the other term in (1.1), dim V x , we view V as a representation of SL 2 where a nilpotent element acts as x on V . Arguing as in [McN00, §3.4], we find that if char k > en, then the Jordan form of x acting on V is the same as in characteristic zero. Therefore, it suffices to check the inequality over Q and over F p for 2 ≤ p < en. This is quickly done via computer. For the convenience of the reader, Table 4 lists the partitions corresponding to nilpotent x for which we have equality in (2). In case gcd(e, n) = 1, this shows that sl n acts generically freely on ∧ e k n ; when gcd(e, n) > 1, we verify that Lie(SL n /µ gcd(e,n) ) acts generically freely using Magma. Proposition 7.2. For SO n with n ≥ 9 (over any field k) and V := ∧ 3 (k n ), the inequality (1.1) holds for all nonzero x ∈ so n with x
[p] ∈ {0, x}, and g acts generically freely on V .
Proof. Under the tautological inclusion SO n ֒→ SL n , suppose the inequality holds for x viewed as an element of sl n . Then as dim x SO n ≤ dim x SL n , the inequality holds also for x as an element of so n , completing the proof in case n ≥ 10, or n = 9 and char k = 2, 3 (Prop. 7.1).
So suppose n = 9 and char k = 2 or 3. Write y for the image of x in sl n if x is nilpotent, and for the image of the nilpotent specialization of x as in the proof of Prop. 7.1 if x is toral. As in the previous paragraph, we are done if the inequality holds for y, and therefore we may assume that y has partition (2 4 , 1), (9), or (3 3 ) as in the first three lines of Table 4 . In any of these cases, we have dim x SO 9 + dim V x ≤ 32 + dim V y < 76, completing the proof.
When char k = 2, the representation ∧ 3 k 2ℓ of SO 2ℓ is no longer irreducible, as the invariant alternating bilinear form generates a submodule. We now study the irreducible module L(ω ℓ−2 ) with the same highest weight.
Proposition 7.3. Suppose char k = 2 and ℓ ∈ {5, 6, 7}. For noncentral x ∈ so 2ℓ with x
[2] ∈ {0, x} and V := L(ω ℓ−2 ), inequality (1.1) holds. Moreover, so 2ℓ acts generically freely on V .
Proof. Recall that dim L(ω 3 ) = 100, 208, 336 for ℓ = 5, 6, 7 respectively [Lüb01] .
Suppose first that x [2] = 0. As every Jordan block of x has size at most 2 and even blocks occur with even multiplicity, the element x has partition (2 2r , 1 2ℓ−4r ) for some 1 ≤ r ≤ ⌊r/2⌋ and dim x G ≤ 4r(ℓ − r) as in [GG17a, Example 9.5], so dim x G ≤ 24, 36, 48. For x a root element (i.e., r = 1), dim(∧ 3 k 2ℓ ) y = 76, 146, 252 respectively, so the inequality holds for nilpotent x if dim x G < 24, 62, 84. We are reduced to considering the class x ∈ so 10 with partition (2 4 , 1 2 ). Such an x has dim x G ≤ 24 and dim V x ≤ 64, verifying the inequality. Suppose now that x
[2] = x, so as in the proof of [GG17a, Cor. 9.6] we have dim x G ≤ 24, 36, 48 respectively. We find a nilpotent y ∈ G m Ad(SO n )x with dim(k n ) y ≥ 2. Now ∧ 3 k n is self-dual, so we find that ∧ 3 k n ∼ = V ⊕ k n if n = 12 and V ⊕ k n ⊕ k n if n = 10, 14 as SO n -modules. (That the other component is k n or has composition factors k n , k n is clear from inspecting weight multiplicities, and that it is a direct sum in the latter case follows because Ext
Putting this together, we find dim x G + dim V x ≤ 96, 180, 296.
Trivectors and Sp 2ℓ . The natural representation of Sp 2ℓ has an invariant alternating bilinear form b. The subspace V (ω ℓ−2 ) of ∧ 3 k 2ℓ spanned by those v 1 ∧v 2 ∧v 3 with b(v i , v j ) = 0 for all i, j is a submodule of dimension (1) ℓ ≥ 5 and char k > 2; or (2) ℓ = 4 and char k > 3, then for V := V (ω ℓ−2 ) or L(ω ℓ−2 ), inequality (1.1) holds for all nonzero x ∈ sp 2ℓ with x
[p] ∈ {0, x}, and therefore sp 2ℓ acts generically freely on V .
, and the conclusion holds by the results of [GG17a] . So suppose ℓ = 4, 5, or 6.
First suppose that x ∈ sp 2ℓ has
x , which need only be done for small characteristics as in the proof of Proposition 7.1 and therefore amounts to a computer calculation. If ℓ = 4 (and char k > 3), then ∧ 3 k 8 is a direct sum of V and
x and the same computer calculations verify (1.1). For V (ω ℓ−2 ) and x toral, we appeal to Lemma 4.1. Thus we are reduced to the case ℓ = 6, k = F 5 , V = L(ω 4 ), and x
[p] = x. One can construct the Lie algebra g := sp 12 and the Weyl module V (ω ℓ−2 ) in Magma. Certainly Lie(C G (x)) = z g (x) = ker(ad(x)), and as C G (x) is smooth we find that
For the other term in (1.1), x acts semisimply on
Using these expressions, the computer can immediately verify the inequality for all toral x in a maximal toral subalgebra of g.
Proof of Theorem A
In this section, we adopt the hypotheses of Theorem A and deduce it from what has gone before. Recall that V is assumed to be restricted and irreducible for G, hence irreducible for g [Ste63] . The main result of [GG17a] allows us to assume that G has type A ℓ , B ℓ , C ℓ or D ℓ of bounded ℓ as in §1 and that dim V ≤ b(G) for b(G) as in Table 3 . Therefore, V appears in tables A.6-A.48 in [Lüb01] .
1 (Note that the search space remains infinite: while there are only finitely many possibilities for G and for the highest weight of V , we have not exhibited any upper bound on char k.)
We aim to show that V is virtually free as a representation of g if and only if dim V > dim G and (G, char k, V ) does not appear in Table 1 .
, then examining the tables shows that V is the irreducible representation with highest weight the highest root, which is not virtually free as in [GG17a, Example 13.2]. Therefore we assume for the rest of this section that dim V > dim G. The representation of A 3 with highest weight 020 and char k = 2 is the representation S 2 (k 6 ) of so 6 , and the inequality holds by Lemma 5.4.
Types B and D. For G of type D ℓ with 4 ≤ ℓ ≤ 11 or B ℓ with 2 ≤ ℓ ≤ 11 and char k = 2, the representation with highest weight 0 · · · 02 is handled by Lemma 5.4. The half-spin representations of B ℓ for 7 ≤ ℓ ≤ 11 and D ℓ for ℓ = 9, 10, 11 (corresponding to Spin n for n = 15 and 17 ≤ n ≤ 23) are virtually free but for D 8 it has generic stabilizer (Z/2) 4 × µ 4 2 as a group scheme, so it is virtually free in when char k = 2 and is not virtually free when char k = 2 [GG17b] .
The representation ∧ 3 (k n ) of SO n with n = 9, . . . , 13 (i.e., B 4 , B 5 , B 6 , D 5 , D 6 ) with char k = 2 is virtually free by Proposition 7.2.
The representations of B 2 with highest weight 11 and B 3 with highest weight 101 are handled in Examples 4.2 and 4.3.
The representation of B 3 with highest weight 200 and dimension 35 appears as a summand in S 2 X for X the (8-dimensional spin representation); we have Type C. Type C is similar to types B and D. The only case for which we refer to [Gue97] is type C 3 with highest weight 011 of dimension 50 with char k = 3 (Th. 4.3.4), which can also be checked using Magma. The representations ∧ 3 0 (Sp 2ℓ ) with ℓ = 4, 5, 6 and char k not dividing ℓ − 1 or C 6 with highest weight 000100 are generically free by Proposition 7.4. For C 4 with highest weight 0100 and dimension 40 in characteristic 3, see Example 3.2. The representation of C 5 with highest weight 10000 is generically free by Example 4.6.
We use Magma to verify that a random vector has trivial stabilizer when char k = 3 for C 5 with highest weight 01000 and dimension 121.
The remaining representation V of C 4 with highest weight 1000, which was treated in Example 6.2. It has dim V > dim C 4 and V is generically free.
Proof of Theorem B
In this section we will prove Theorem B.
Lemma 9.1. Let G be a simple algebraic group. For every dominant weight
i for all i > 0.
Proof. Suppose first that G = SL n and L(λ) is the natural module. The representation dρ of sl n on V is equivalent to a direct sum of n copies of the natural module, i.e., is equivalent to sl n acting on n-by-n matrices by left multiplication. A generic matrix v is invertible, so the generic stabilizer (sl n ) v is zero. (We remark that the group SL n has finitely many orbits on P(V ) [GLMS97, Lemma 2.6].) Otherwise, the representation factors through SL(L(λ)), and the previous paragraph shows that sl(L(λ)) acts generically freely.
Note that, in the lemma, the inequality (1.1) need not hold. Specifically, a root element x ∈ sl n has dim x SLn = 2(n − 1) and kernel of dimension n − 1 on the natural module, so we find dim x SLn + dim V x = dim V + n − 2 for V a sum of n copies of the natural module.
Example 9.2. Consider now SO n for n ≥ 3 and suppose that char k = 2 or n is even. Take V to be a direct sum of n − 1 copies of the natural module V 0 . Let v ∈ V be a vector each of whose n − 1 components is a generic element of V 0 ; in particular, the SO n -invariant quadratic form q is nonzero on each component of v. The n − 1 components generate a codimension 1 subspace U of V 0 on which the bilinearization of q is nondegenerate if char k = 2 or has a 1-dimensional radical on which q does not vanish if char k = 2. In either case, an element of so n that annihilates U is zero on V 0 , hence so n acts generically freely on V . (See [BGS17] for more general arguments in a similar vein.)
Proof of Theorem B. Adopt now the hypotheses of Theorem B. Note that p := char k = 0 because when char k = 0 irreducible representations are tensor indecomposable. We may write the highest weight of V as λ = λ 0 + i>0 p i µ i where λ 0 and each µ i is a restricted dominant weight. Since char k is not special for G, the statement that V is tensor decomposable means that at least two of these weights are nonzero [Sei87, 1.6]. If λ 0 = 0, then V is a Frobenius twist of an irreducible representation and g acts trivially, so V is virtually free. So assume λ 0 = 0. Then λ = λ 0 + pλ 1 for λ 1 := i>0 p i−1 µ i = 0 and V ∼ = L(λ 0 ) ⊗ L(λ 1 ) [p] . As g acts trivially on L(λ 1 )
[p] , the representation V of g is the same as a sum of dim L(λ 1 ) copies of L(λ 0 ).
Let m(G) be the dimension of the smallest nonzero restricted irreducible representation of G. If dim L(λ 0 ) > b(G)/m(G) for b(G) as in Table 3 , then dim V > b(G) and g acts virtually freely on V by part I. If dim L(λ 0 ) = m(G), then V contains L(λ 0 ) ⊗ L(λ 0 )
[p] as a summand, and we are done by Lemma 9.1. Therefore, it remains to inspect ⊕ m(G) L(λ 0 ) for those nonzero restricted dominant weights λ 0 with m(G) < dim L(λ 0 ) ≤ b(G)/m(G), the list of which may be extracted from the tables in [Lüb01] .
For G 2 , the tables show there are no λ 0 to be inspected. For the other exceptional groups, m(G) > b(G)/m(G). Thus the theorem is proved for all exceptional types.
Types B, C, and D. With type C ℓ for ℓ ≥ 2, m(G) = 2ℓ, so b(G)/m(G) = 3ℓ and the unique reduced irreducible representation of dimension in the target range is C 2 where L(λ 0 ) is the 5-dimensional fundamental irreducible representation, i.e., g is sp 4 acting on four copies of the 5-dimensional module and so a generic stabilizer in sp 4 is the annihilator of a 4-dimensional space. We are not in characteristic 2, so generically this is non-degenerate but if something kills a non-degenerate 4-space it preserves the orthogonal complement and so also the entire 5-dimensional space (since the trace is 0) and so a generic stabilizer is central.
For type D ℓ with ℓ ≥ 4, m(G) = 2ℓ. The unique dominant weight λ 0 that must be considered is for type D 5 with char k = 2 and L(λ 0 ) a half-spin representation. One checks that for regular x ∈ spin 10 , dim L(λ 0 )
x < 12, so (1.1) holds. On the other hand, for non-regular and noncentral x ∈ spin 10 , dim L(λ 0 )
x ≤ 12 by [GG17b, Prop. 2.1(i)] and again (1.1) holds, completing the proof of the theorem for type D.
For type B ℓ with ℓ ≥ 2, m(G) = 2ℓ+1. The only λ 0 to be considered is B 3 where L(λ 0 ) is the 8-dimensional spin representation. In this case, the representation factors through Spin 8 as a vector representation, and we apply Example 9.2 to see that the generic stabilizer in so 8 is trivial and therefore the same is true for spin 7 .
Type A. For type A ℓ with ℓ ≥ 1, we will verify that (1.1) holds for x ∈ sl ℓ+1 with x
[p] = 0. This will imply that the inequality also holds for noncentral toral x as in the proof of Proposition 7.1, whence the claim.
For type A 1 , L(λ 0 ) is virtually free unless λ 0 = 1 or 2 [GG17a, Example 1.4] so we need only consider V = L(2) ⊕ L(2) when char k ≥ 3, i.e., where V is a sum of two copies of the adjoint representation. For x nonzero nilpotent we have dim x SLn = 2 and dim L(2) x = 1, so (1.1) holds. For ℓ ≥ 2, we again refer to [Lüb01] to enumerate the weights λ 0 such that ℓ + 1 < dim L(λ 0 ) ≤ b(G)/(ℓ + 1), yielding three cases to be checked: (i) A 2 , where char k = 2 and L(λ 0 ) = S 2 (k 3 );
(ii) A 3 , where L(λ 0 ) = ∧ 2 (k 4 ); and (iii) A 4 , where char k = 2 and L(λ 0 ) = ∧ 2 (k 5 ).
We write the details of the verification in the most complicated case, (iii). For x ∈ sl 5 a root element, i.e., nilpotent with partition (2, 1 3 ), we have dim x G = 8 and dim L(λ 0 ) x = 7, and 8 + 5 · 7 = 43 < 50. For x nilpotent with partition (2, 2, 1), we have dim x G = 12 and dim L(λ 0 ) x = 6, and 12 + 5 · 6 = 42 < 50. For x nilpotent with partition (3, 1
2 ), we have dim L(λ 0 ) x = 4 and dim x G ≤ dim G − rank G = 20. Consequently, for every nilpotent y ∈ sl 5 such that x ∈ Ad(G)y, we have:
Thus we have verified the inequality (1.1) for every nonzero nilpotent in sl 5 . For cases (i) and (ii) respectively, the role of (3, 1 2 ) is instead played by the smallest class
, where the right side is 4 or 3 respectively.
